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1 Introduction 

Recently, in the paper (3]| the authors derived the new equation 

{d^ + Su_A + 4m.„ ){u, + m.,„ + 6ul)=0, (1) 

called the KdV6 equation, which turned out to pass the Painleve test. The authors introduced 
the new variables v = Ux and w = u, + u„, -|- 6u^, transforming ([T]l into the system 

+ Vo-t -I- 12vv^ — w,v = 0, vv.ixt + 8vw.t + 4h'Vi. = 0, (2) 
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and posed the problem to study conservation laws and Hamiltonian structures of the above 
system. 

hi (6), Kupershmidt proved the existence of an infinite series of conservation laws for (O 
in the following way. He noted that (O can be written in the form 

F-Ai(w)=0, A2(w) = 0, (3) 

where F = is the KdV equation in the unknown v, and Ai , A2 are the two standard Hamil- 
tonian operators for F = 0. So, (O can be considered to be a deformation of F = 0; we call it 
the Kupershmidt deformation. The following result yields an infinite series of conservation 
laws for 



Theorem (Kupershmidt) Let F = u, — f = Qbe an evolution bi-Hamiltonian system, with 
Ai, A2 being the corresponding Hamiltonian operators. If this equation has a Magri hierar- 
chy of conserved densities ^ = 0, Ai {^^^ — ^2 ' ^^^'^ Hi, H2, . . . are conserved 
densities for (|3]l. 

Proof 

Further, Kupershmidt conjectured that these conservation laws commute (in a sense) so 
that ^ is integrable. 

What makes this conjecture especially interesting is that system ^ is not in evolution 
form. Recently, in (S) (see also (U) we, together with S. Igonin, have introduced a general- 
ization of Hamiltonian formalism for general, not necessarily evolution, systems. 

In the present paper, we apply this formalism to the Kupershmidt conjecture. Namely 
we prove that the Kupershmidt deformation of every bi-Hamiltonian equation is again a 
bi-Hamiltonian system and that every hierarchy of conservation laws of the original bi- 
Hamiltonian system gives rise to a hierarchy of conservation laws of the Kupershmidt defor- 
mation. 



2 Preliminaries 

An adequate setting for dealing with symmetries and conservation laws of differential equa- 
tions is provided by jet bundles. Our main sources are fP'Sl; we will shortly describe our 
notation below. 

From now on all manifolds and maps are C°°. 

Jets and differential equations. Let 7t: E ^ M he a vector bundle. We denote by j'^{7t) the 
corresponding jet manifold and by Ttkj : j'^[n) j' i'^) ior k > I and Tt^ : j'^{it) E the 
standard projections. The inverse limit of the chain of projections • ■ ■ — > Kk+i^k ~^ ^k,k-i ~* 
• • ■ is said to be the infinite order jet space and is denoted by J°°{k). 

Let x\ . . . ,y be local coordinates in M, m\ . . . , m"' and be local fiber coordinates in E. 
Then m^, where ct is a multiindex of arbitrary length, denote local derivative coordinates on 
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the fibers of J°°{^)- If s: M ^ E is a section then its prolongation jocS : M J°°{^} fulfills 
uioj„s = d^"\{ujos)/dx''. 

We denote by ^{k) the algebra of smooth functions on This is defined as the 

direct limit of the chain of inclusions of smooth functions on j'^in) into smooth functions on 
/*+i(;r) via pull-back. The ^(;r)-module A*[7i) of differential forms on J°°{Tt) is defined 
in the similar way. 

A horizontal module is the ,#'(;r) -module of sections of nl,(a), where a is a vector 
bundle overM. Denote by >c{n) the horizontal module corresponding to the bundle n itself. 

Let Pi (tt) and P2{Tt) be horizontal modules. A linear differential operator A : Pi (k) 
Pil^) is called '^-differential if it can be restricted to the graphs of all infinitely prolonged 
sections of the bundle. The set of all "if -differential operators from Pi(k) to P2{7t) is denoted 
by 'i'Diff(Pi (;r),P2(^))- In coordinates, ^-differential operators have the form of a matrix 
(afjDa), where afj e ^{n), = Di^ o • • ■ oD,-,. for CT = i'l . . . iV and D/ = d /dx' + ii^^.d /duiy 
is the total derivative operator with respect to xQ. 

A ;rc,o-vertical vector field on J°°{7t) is called an evolutionary field if it commutes with 
all Di (this property does not depend on the choice of coordinates). In coordinates, each 
evolutionary field is of the form 9^ = Da((p-')d /dui,, where (p^ 6 ^{k). It can be proved 
that each evolutionary vector field is uniquely determined by its generating function (p e 
}({7i) and vice verse to any (p 6 there corresponds an evolutionary field 9(p. 

Let P{7z) be a horizontal module. For each element p £ P(7r) there is a "^-differential 
operator £p : >c{n) P{^) called the universal linearization of p and defined by ip{(p) = 
9(p{p), with 9 6 In coordinates, £p is the matrix of the form {dp' /duiy ■ Do)- 

A differential form CO E A'' {k) on J°° [k) is called a Cartanform if its pull-back through 
any prolonged section vanishes. In coordinates, Cartan forms contain factors of the type 

= du^u — u^^-dx' . Denote the module of all Cartan q-iorms by '^A'^{n). It is not difficult 
to show that d{''£A'>(n)) C '^A'^+^{k). Therefore the quotient d of d, acting on A*{7i) = 
A*{K)l'£A*[n), is well defined. The module A*{%) is identified with the submodule in 
A*{%) generated by %1,A*{M). Elements of A'*(%) are called horizontal forms. In coordi- 
nates, A'^^(%) is generated by / t/jc'i A • ■■/\dx'i, where / 6 ^{n), and d{f dx'^ A • ■■Adx'i) = 
Di{f)dx' Adx'^ A ■ • • At/jc'''. The cohomology (;r) of the complex (A*{7z),d) is said to be 
the horizontal cohomology, and coincides with the de Rham cohomology of M for all de- 
grees i up to n — 1. 

If P{7z) is an t^(;r)-module, we write P{k) = Hom^(-;j^(P(;r),A"(;r)) and consider 
the natural pairing (■,•): P{^) x P{7z) — » A"(;r). We recall that for each operator A e 
■^Diff (Pi (;r),P2 (?!■)) there exists a unique operator A* e '^Diff{P2{7r),Pi{K)) such that 

[{P2,A{pi))] = [{A*(p2),Pi)], P2eP2(n), piePiin), 

where [a>] denotes the horizontal cohomology class of CO 6 A". The operator A* is called 
adjoint to A. In coordinates, {afjDa)* = ((-l)!'^!^^ oa^), where afj 6 ,^{k). 

A differential equation is a submanifold S" C J^{Tt). We assume that S = {F = 0}, where 
P G ;r^(o!) is a section of the pull-back bundle of a vector bundle a on M. 

Let us set P(?r) = n^{a). The equation S can be prolonged to a submanifold of 
that we still denote by S. In local coordinates, we have S = {DaF^ = 0} for such a prolonga- 
tion. Throughout the paper we will assume equations to be regular: this means that any func- 
tion/ 6 ^{k) vanishingonff can beexpressed as / = A(P), where a 6'^Diff(P(;r),^(;r)). 



The Einstein summation convention will be used throughout the paper. 
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Symmetries. For any horizontal module Q{k) we will denote by Q the restriction of Q{7r) 
to S. We denote by £^ : x P the restriction of the universal linearization if to S'. The 
space kerig coincides with the space Sym^ of symmetries of the differential equation 
The space kerfj, is the space of cosymmetries, and is denoted by CoSymjf . 
It can be proved that there exists a sequence 

^ -^Diff (P, ^) 'g'Diff (x, ^) ^ '^A ' ^ 0. (4) 

Here the first nontrivial map is defined by 4 A o (.g and the second one is a natural 
projection (see |1,5| for details). The differential equation S is said to be normal if the 
above sequence is exact. In other words, S is normal, if the equality Aoig implies 4=0. 
Most differential equations of mathematical physics fulfill this property; however, the gauge 
equations do not. 

Conservation laws. Consider the horizontal de Rham complex {Ai,d) on S. A conserva- 
tion law is an element [co] 6 H"^^ /H"^\M) (we quotient out the topological conservation 
laws). The Vinogradov "^-spectral sequence, see dUllTl for a detailed treatment) yields the 
complex ,di) which plays the same role as the de Rham complex on jets. In partic- 

ular the first two terms of the complex are E^'"^^ = H"^^ and ZsJ'"^' = ker£^ = CoSymtf , 
and the first differential di : Z?^'"^' iij'"^' is defined by di([a)]) = A*(l), where A e 
■^Diff (P, A " ) fulfills dco = A{F). The element A * ( 1 ) 6 P is said to be a generating function 
of the conservation law [co] . 

A 'i^'-spectral sequence argument shows that there exists an exact sequence H"^^ 
H"^^ keri*^, where the last map is just di. So, the space of conservation laws cl((f ) = 
H"-^/H"-^ (M) is a subset of the kernel of i*^, c\(S') C kerfj, = CoSym<r. 



3 Hamiltonian bivectors on general equations 

In this section we collect formulas related to the Hamiltonian formalism on general equa- 
tions. For details and geometric definitions we refer the reader to IS (see also (U). 
Let cf C 7°°(?r) be a normal equation given by P = 0. 

A variational bivector on S is the equivalence class of "^-differential operators A : P — > 
X on S that satisfy the condition 

lsoA=A*otg, (5) 

where two operators are equivalent if they differ by an operator of the form □ o □ = 

U*: X. 

It is straightforward to see that an action of variational bivectors on cosymmetries (and, 
in particular, on conservation laws) is well-defined and the result is a symmetry. 
If A is a bivector then on J°°{7t) we have 

£FoA-A*otp=B{F,-), (6) 

where A is extended onto J°°{7t), B: P{k) x P{n) P{7t) is a '^'-differential operator We 
denote by 5* : P x P ^ P the operator adjoint to the operator B in the first argument and 
restricted to S'. 
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Consider an equivalence relation on the set of operators '^Diff(P x P,P) on S" such that 
two operators are equivalent if they differ by an operator of the form 

□i(£^(-),-) + D2(-,^^(-)), (7) 
where Di: k x P ^ P,D2: P x h ^ P 

Proposition 1 For every bivector A the equivalence class of B* is uniquely defined and 
contains a skew-symmetric operator B* : P x P ^ P. 

Remark 1 If (f is written in evolution form (in this case P= x) then we can put B* {xj/i , \j/2) = 
i//2('^i)' here we use the notation i^.p = ^Aip) ~^ °^p- Skew-symmetricity follows from 
the formula 

^*A.p{q) = i*A'A^p)- (8) 

The Schouten bracket of two bivectors is defined by the formula 

= tAi,y,, {A2{W2))-eAi.Y2 iMWl)) 

+ eA2,Wl (^1 (V^2)) - 42,V2 (^1 (V^l)) 

-Ai{B*2{xifuW2))-A2{Bl{wuW2)), 

where \j/i,\j/2 € P and Bi, B2 are the operators which play the role ofiJinEq. ((SJl for Ai, A2, 
respectively. 

The Schouten bracket is a bracket between multivectors. This means that it is defined 
on a wide class of operators. In particular, 0-vectors are conservation laws and the bracket 
between a variational bivector A and a conservation law CO has the form 

[[A,a)]]=A(v/), 

where \j/ = di [co] is the generating function of CO; 1-vectors are symmetries, the bracket 
between a symmetry 9 and a conservation law [co]: 

[[(p,co]]=L^{co) = d^{\ff)+A*{\if), 

where is the Lie derivative and the operator A: P — > P is defined by the relation £f{(P) = 
A{F) on 7°° (for equations in evolution form one can take A = icp); the bracket between two 
symmetries 

[[<Pi 5 <?'2]] = [<Pi , 92] (the usual commutator), 
and the bracket between two conservation laws 

[[0)1, C02]] =0. 

A bivector A is called Hamiltonian if [[A, A]] = 0. 

A Hamiltonian bivector A on <f gives rise to a Lie algebra structure on the space of 
conservation laws of S: 

{coi,o>2}a = [[[[A,coi]],a)2]]. 

An equation S is called bi-Hamiltonian if it has two Hamiltonian bivectors A\ and A2 
such that [[Ai,A2]] = 0. 

Magri hierarchy on a bi-Hamiltonian equation S is an infinite sequence coi, CO2, . . . of 
conservation laws of S such that Ai()|/,) = A2(v^/+i). 
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Proposition 2 For Magri hierarchy we get 

{eoi, cOjIai = 0, {(Oi, (Oj}A^ = 
{<Pi,<Pj} = 0, 

where 9, = Ai(i//,) = A2(v',+i) are symmetries and the bracket between them is the commu- 
tator: = 

Remark 2 The reader is invited to check that, if S has an evolutionary form, then the above 
Hamiltonian formalism reduces to the usual one. 



4 Tlie Kupershmidt deformation 

Let (a be a bi-Hamiltonian equation with Hamiltonian operators Ai and A2 given by F = 
as above. Let us consider the bundle A: E = E* i^M-^"iT*M) —>■ M, where £* ^ M is the 
dual bundle to ;r : E ^M. We denote by w = (w' , . . . , w"*) fiber coordinates on ft. 

Definition 1 The Kupershmidt deformation i CJ°°{7i) x 7°°(jr) has the form 

F+Al{w)=0, A*2{w)=0. (10) 

We will write F = {F +Al{w),Al{w)) e P = P©P, so that i is given by F = 0. 
The linearization x®k^P®P and its adjoint have the form 

'^-^^ t)' 'i^C^T- 'V) 

The linearizations in the left- and right-hand sides of these formulas have different meaning: 
the left-hand ones are usual linearizations on §, while the right-hand ones are linearizations 
with respect to the dependent variables u only, that is, linearizations on J°°{n). 

In what follow we use the following notational rule: linearization of something marked 
with tilde is the J"'{Tt) x 7~(7r) -linearization (i.e., the linearization with respect to the depen- 
dent variables u, w), otherwise it is the /°°(;r)-linearization. 

Below we often use the obvious relation £a*,w = ^A*(wy which is true since the lineariza- 
tion here is the /°°(;r) -linearization. 

Lemma 1 We have the following equalities: 

Wkw) °M -A\ °tp^Ai{«) = Bi {F +Atiw), •) (12a) 

W|(w) -Al o£*,(^) -A* o^;_^^.(^) oAi 

= B2{F+Al{w),-)+Bi{A*2M,-) (12b) 
4*w°A2-A|o^*,(^) =B2{A*2iw),-). (12c) 

Proof We will only prove the statement for the first operator. For every y/i, y/2 G P we have 
the following equalities modulo imd: 

(£f (Ai(v/i)) +4.,,,(A,(v/i)), V^2) - (^f (A,(v/2)) +4i,v(Ai(v^2)), V^i) 
= oAi -Ato^^)(V.i),V2) + (Ai(v^i),£l.,JV2))-(Ai(v^2),%JV^i)) 
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= (fil (F, v/i ), v/2) + (Ai (v/i ) , (w)) - (Ai ( v^2), ^I, (^)) 
= (SK V^2 , V^i ) , ) + ( (^A 1 , V2 1 ( V^i ) ) - 4 , . V/, (A I ( v/2 ) ) ) , w) 
= (5K V/2 , V^i ) , f") + (A 1 (5K V^2 , V^i ) ) , 
= (5Kv/2,V^i),F+At(w)) 
= (Bi(F+At(w),v/i),v/2). 

The equalities in the statement turn out to be true in view of the fact that both sides of the 
above equalities are linear (zero order) operators in y/2, and the only linear operator which 
is the composition of d and an operator in is the zero operator. 

The other two equalities are proved similarly. □ 

Of course the right-hand sides of the equations in Lemma [U vanish on S, hence the 
following corollary. 

Corollary 1 The following operators are self adjoint on S: 

£f oAi+4.(„)oAi 

^FoA2+4jH°A2-Ato^*._^ 
4»(w)°A2- 

In our computations we will also need the linearization of Eqs. i ll2b . 
Lemma 2 The linearization of Eqs. (1121 ) computed in £ P yields the equations 

' (13a) 

"^^24+Af(.v)('^i' -Az o4;^^.,„,,,v'i +4^.(„,),Ai(v/i) +4|M °4,,v.i (13b) 
= 52(-,V^i)o4+/\;w+5i(-,V^i)°4»H 
+4*(v.) °4,,iKi -4',f*.^^,j(v.i) -^2 °4;.,,^.j,v, = Bii-, v^i) o4|(w) (I3c) 

M/7 to terms which vanish on S. 
Proof We make use of the formula 

4on(a) =4,n(a)+Ao£n.„+Aoao£„. 
Let us apply the above formula to Eq. ( I12ab computed at \\f\ : 

4f+Aj(...)^i(vi) +4+a;(m.-) °4i,v/i +4+/i;(h-) °Ai o£^j 

= 4,(v),(f+AJ(»'),vi)+5i(-,V/i)o4+^*(„)+5i(F+At(w),-)o£^j. 

We obtain Eq. ( |13a| > by observing that the term 4i(-, ),(f+aJ(vv).v/i) vanishes on S and that 
terms composed with cancel by virtue of Eq. I ll2al l. The two remaining equations can be 
derived with similar reasoning. □ 
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Now let us consider the operators Ai, A2: P®P ^ x® x defined by 

(Ai -A] \ ~ / A2 -A2\ 

M = \ n p* , A2 = . (14) 

'^F+A\{w)+A'^(w)J \ ^F+A\(W)+A\(w) " J 

Proposition 3 We have the equalities 

ipoA,-A\otp=B,{F,-) (15) 
lpoA2-Alotp=B2{F,-) (16) 

where 

^l((pi,Pi),(V2,v4)) = 

(Bi(pi,v^2)-5i(pi,v/2),-5i(pi,V^2)-S2(pi,V^2)-5i(/'i,'/2)--B2(p'i,V^2)) (17) 

fi2((Pl,/'l),(V2,V4)) = 

(Si (pi , V/2) + B2{px , V/2) + Si (p'l , V/2) +52(p'i , V^^) , S2(/7'i , V/2) - S2(p'i M)) (18) 

It follows that the operators A\, A2 define two variational bivectors on S. 

Proof We liave 

IpoAx -A\otp 

'f+A\{w) ^i\ Ml -^1 



4*(h.) ^2/ \^ ^f+A*(R')+A*(vv) 



^1 V r^+^iM ^^2W 



^F+A*(vv)+A*(w)/ y Ai A2 

B,{F+A\{w).,-) -Bi{F+A\{w),-) 
-Bi{F+A\{w),-) -S2 (F + ( w) , • ) - (5i + 52 ) (A| (w) , • 

where the last equality is obtained by Lemma [T] Eqs. ( 116b and dlSI l can be proved in the 
same way. 

The last statement follows directly from the definitions (Eqs. ([Sj and □ 

Our next task is to prove that the bivectors from the above proposition endow S with a 
bi-Hamiltonian structure. To this aim we have to compute the Schouten brackets [[A,,Ay]] for 
i, i = 1, 2. To do this, we have to compute the linearization ^a- i/J) ^'^'l '■1'^ operators B^ , 
with ! = 1, 2 (here the adjoint is taken with respect to the first argument). We have 

„ _( ^'Mm-^A,.V, \ 

V V+Af(„.)+Ai(„.)''''l M+A2,Wi I 



and 





(20) 



directly from the definitions. 
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Lemma 3 We have 

= {BUxifuW2)-BUWuV2)-BUVi,V2)-Bl{w[,V2)-BUv[,V2)-Bl{w[M)) 

(21) 

B*2{iVUV'l),iV2y2)) 

= {B\{^fuV2)+Bl{^fl,V2),B*^{^fl,V2)+B*2{^fl,V2)+B*2{v'l,v2)-B*2{^f[,v2)) 

(22) 

Proof In fact we can write 

Bd{PuPMv2,W2))-[_s^^.^^^^_s,^.^^,) -B,{-M)-B2{-M))\p\)- 

It follows that 

B*((vf. v/) (Vfo ^'))-f^i^-^V2)-Bl{-M) -B:{;W2)-B*2{-M)\.fVi\ 
Bi{{Vu¥i),iV2,V2))-[^ -B\{;xif!,)-Bl{;xir^)) [xir'J ' 

The other identity follows in an analogous way. □ 

Note that B* and fij are skew-symmetric with respect to the interchange of the arguments 
{Wi,V[) and (v/2,v4)- 

Theorem 1 The Kupershmidt deformation S is a bi-Hamiltonian equation with respect to 
the variational bivectors A\, A2. 

Proof We have to prove the conditions 
[[A,-,A;]]((v/i,v/;),(V/2,V/2)) 

+ v^i .^if[ ) (^'-(1^2, W'2))- hj.iYl^V',) '^^'^^^ ' ''^ ) ) 

-A,-(B*((v/i, v/j), (v/2, V^z))) -^i(^;((V^i , V^O, (V^2, V^2))) = 0, 

for 7 = 1, 2. We will only prove them for ( = 1, j = 2, other computations being very 
similar. First of all we compute the summands in the expression i23i : 

^il,(V,,Vi)(^2(V^2'V4)) 
= ((^A,,vi -^Ai,v;)(^2(V^2)-A2(V^0), 

^(V'1,A2(V/2)-A2(v/2))+^1,+A2,v/|(-^F+AIH+A*m(V^2))), 
^i2,(Vl,V;)(^>(''^2'''^2)) 
= ((^2,^1 -^A2,V[){M¥2)-MV'2))^ 

-^(V/i,Ai(v/2)-Ai(v/^))-^l,+^^,^^(£^+^,(,,)+^.(„)(V^^))), 
MB*2{{Viyi),{V2,V2))) 

= {MB2{VuV2)-B*2{WuV'2}-B*2iVu¥2)+B*2{w{,V2)), 

^f+a;m+a'(h.)(5Uv^i, V^2) +55(V^i, V2) +52(V^(, V^2) -S5(v/;, 1/2))), 
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A2{BI{{XI/UXI/[),{XI/2,W2))) 

= {AliBUWi ,W2)-BUWuV'2)-Bl{w'uW2)+BUw'uW2)), 

- i*F+AiM+A',{«) (BUWi , V2) -BUVu V'l) - BUv'i , V2) - Bliw'i ,¥2))), 

were we introduced the notation , 92) = i'^* ^ , ,vi (92)- Let us set 

{(P3,¥3) = Pl,^2]]((Vl,W),(V^2,V4))- 

We have 

93 = lAi,A2]]{Wi , V2) + lAuAzWu V^) - [1^1 MWi , V2) - [[Ai A2W1 , = 

because [[Ai,A2]] = 0. 

As for the second component xj/^, we first observe that the operator 

^ixif[,-): ><^$c (24) 

is selfadjoint. Now, we take the adjoint of Eqs. il3i and compute them in \j/2 € P using 
Eq. We obtain 

- (V^i)) - ^l;.,,.,„,,v (V^^)) = 4+Ai(.)(-5t (V^i , W2)) ^^^'^ 

= ^*F+A\(«){-B*2{WuV2))+(-\i„)(-Bl{W\,V2)), 

(25b) 

^k, w,(A2(V^i))+^1„V„(^1.(„.)(V^2))-^I,.^,(^1.m(V^i))-4., ,.v,(^2(V^2)) 

"21*' "2^*' (25c) 

= ^I*m(-'82(V^1,V^2)). 

Then, we sum the above three equations to get one single equation, that we compute two 
times in (i/^j, i//^) and (i/zf, i//2) respectively. By replacing the result into t/Zj we obtain 

= J^iw^AiiVi) +A2{w[))+^{V2,Ai{Wi)+A2{v'i)) 
-J^{w{,Ai{W2) +A2{W2)) -^{Wu A, {W2) +A2{V2))- 
We define the operators 

□ (xxx)x(PxP)^(xx>f), 02, (PxP)x(xxx)^(xxx), 

as follows: 

□ l(((pi,(p;),(VZ2,V'2)) = (0,-^(</2,<P;)), □2((Vl,Vl'),(<P2,<P2)) = (0,^(V';,'P2)), 

D\{i(pu(p[),{V2,V2)) = {0,/^{W2,<p[)), □'2((v^i, V^,'), (92,92)) = (0,+.5?(V^i, 92))- 
We have 

(0, v/^) = Di (4(V/i, V/J), (V^2, V^^)) + □2(( Vi, V/l),4( V2, V2)) 

+ D'l J ( V^l , W ) , ( V^2 V2 ) ) + ^2 ( ( , ) , 4 ( V2 V2 ) ) , 

hence the three-vector [[Ai ,^2]] is zero up to trivial terms. □ 
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Theorem 2 Let (O2, . . . is a Magri hierarchy for S. Suppose that there exist extensions 
ofCOi, Ai, and A2 onto J°° such that on J°° we have 

dC0i= {\iri,F), 
Ai{\j/i)=A2{\l/i+i), 

here Xffi is an extension of the generating function o/ft),-. Then [xffi, — Vi+l). i = \, 2, . . . is a 
Magri hierarchy for the Kupershmidt deformation S. 

Proof On /°° we have 

dWi = {\l/i,F) = {\j/i,F+Al{w)) - {\j/i,Al{w)) 

= {\l/i,F+AUw)) - (Ai(v//),w) +dxi 
= {\tfi,F+A*i{w))-{A2{Wi+i),w)+dxi 

= iWi-F+MH) - iVi+iAlH) +dx2- 

Thus, the form 0), — is a conservation law with the generating function [xifi, — The 
condition A 1 ( , — 1 ) = A2 ( \f/i+ 1 , — y/i+2 ) can be easily checked by direct computation. 

□ 

Acknowledgements We wish to thank Sergey Igonin for reading the manuscript and useful comments. 
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